The equal-time pairing correlation function of the two-dimensional t-J model on a square lattice is studied using a high-temperature expansion method. The sum of the pairing correlation, its spatial dependence, and the correlation length are obtained as functions of temperature down to T ≃ 0.2t. By comparison of single-particle contributions in the correlation functions, we find an effective attractive interaction between quasi-particles in d x 2 −y 2 -wave pairings. It is shown that d-wave correlation grows rapidly at low temperatures for 0.5 < n < 0.9, with n being the electron density. The temperature for this growth is roughly scaled by J/2. This is in sharp contrast to the Hubbard model in a weak or intermediate coupling region, where there is no numerical evidence of superconductivity.
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Since the discovery of high-T c superconductors, 1 great efforts have been devoted to explaining the mechanism of their superconductivity. It is now believed that two dimensionality and strong electron correlation are important for high-T c superconductivity. Although many studies have been carried out using the Hubbard model and the t-J model on a two-dimensional square lattice, numerical studies using these models do not always support superconductivity. In the Hubbard model, quantum Monte Carlo simulations show that there is no enhancement of pairing correlation, 2-5 although RPA, 6 fluctuation exchange (FLEX) approximations 7 or renormalization group approaches 8 claim d x 2 −y 2 -wave superconductivity. It is considered that the lattice size or electron correlation (U/t < 4) in the numerical calculation is too small to deal with superconductivity which has a very low energy scale. 9 Although several efforts to detect superconductivity have been made, 10 it is far from conclusive whether superconductivity occurs in the two-dimensional Hubbard model numerically.
In the t-J model, on the other hand, mean-field theory indicates d x 2 −y 2 -wave superconductivity and superconductivity is supported by several numerical calculations. [11] [12] [13] [14] [15] [16] [17] [18] [19] However, these studies are restricted to small system sizes or a variational theory in the ground state. In exact diagonalization studies of small clusters, 12, 13 it is very difficult to discuss the long-range order. In variational calculations, [14] [15] [16] [17] [18] on the other hand, it is known that the variational energy is mainly determined from short-range correlations, and thus it is difficult to confirm the existence of superconducting long-range order. Therefore, some exact numerical calculations are highly necessary. Since quantum Monte Carlo simulations have not been successful in the t-J model, the only available exact calculation is a high-temperature expansion method, which has no negative sign problem and can be used to treat large systems exactly. Using this method, we can study the properties at finite temperatures which * E-mail address: koretune@riken.jp
give complementary information for ground-state studies.
Using high-temperature expansions, thermodynamic quantities, and two-point correlation functions, such as free energy and spin-spin correlation functions, have been studied. [20] [21] [22] However, superconducting pairing correlations have not been obtained because calculation of these quantities, which are essentially four-point correlations, requires a greater number of graphs. Recently, Pryadko et al. 23 have obtained a high-temperature series of pairing susceptibilities through the ninth order in inverse temperature and claimed that the pairing susceptibility does not grow at low temperatures for J/t < 1. However, the order of the expansion is too low and the error bars are too large to make a definite conclusion.
In this study, we investigate the high-temperature expansion of equal-time pairing correlation functions up to the twelfth order in inverse temperatures. In fact, series analysis of a pairing correlation function is a difficult problem since pairing correlation functions decay very rapidly for long distances as discussed below. To overcome this difficulty, we develop a method of observing superconductivity on the basis of correlation lengths. In this analysis, we find that it is possible to study superconductivity more accurately. Using Padé approximations, we successfully extrapolate the series down to T ∼ 0.2t and find that the pairing correlation for d x 2 −y 2 -wave symmetry grows rapidly at low temperatures for J/t ∼ 0.4 and 0.5 < n < 0.9. By this calculation, we can explicitly show the development of superconducting correlations in the t-J model at finite temperatures.
The t-J model is defined as
where summations are over the nearest-neighbor pairs on a square lattice and the projection operator P eliminates doubly occupied sites. For this model, we calculate the high-temperature series of the equal-time pairing corre-
with f α (l) being the form factor of the pairing correlation and r i being the coordinate at site i. Considering the nearest neighbor pairings, the form factors in the square lattice are given by
for a singlet case, and
for a triplet case. Each denotes the pairing correlation for an extended s-wave, d x 2 −y 2 -wave and pwave, respectively. The average in eq. (2) is taken over the grand canonical ensemble; that is, O = TrOe −β(H−µNe) /Tre −β(H−µNe) . We calculate P α (i, j) up to the twelfth order in inverse temperature, β, using the finite cluster method. 24 Since we consider Cooper pairs of nearest-neighbor sites, graphs appearing in the calculation have up to fourteen edges. In each graph, a pair of edges represents Cooper pairs at site i and j, and the rest of the edges represent the corresponding nearest-neighbor bonds in the Hamiltonian. After calculating P α (i, j) as a function of β, λ = e βµ , J and t, we eliminate λ by solving the high-temperature series of electron density, n, given by
and obtain P α (i, j) as a function of n. 25 The obtained series is too long to show here, but it is available from the authors upon request.
For extrapolating a high temperature series to low temperatures, we use a Padé approximation. To improve the convergence, we also calculate the series using an alternative choice of the variable w(β) = tanh(f β), where f is a parameter tuned to optimize the convergence.
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For small values of f , the series does not differ much from that for β. Note that when β → ∞, w becomes finite, which avoids the unphysical divergences or zeros of a Padé approximation at β = ∞. However, one cannot extrapolate to values of β much larger than 1/f since tanh(f β) almost saturates. With this in mind, we generate various Padé approximations using 0.01 < f < 0. Let us first discuss the sum of the equal-time pairing correlation function (q = 0 component), S α (T ), defined as Figure 1 shows S α (T ) (α = s, p, and d-wave) at J/t = 0.4 for n = 0.8. If superconductivity is realized at T = 0, S α (T ) diverges as T → 0 together with pairing susceptibility. It can be seen in Fig. 1 that p-wave pairing correlation does not show an enhancement at low temperatures. This is the expected behavior since the effect of J, which favors singlet pairing, is large near half filling. In contrast, s-and d-wave pairing correlations grow at low temperatures (T < 0.5t). In particular, s-wave pairing increases rapidly, which at first glance suggests an s-wave superconductivity. However, as we show shortly, we find that this s-wave enhancement is due to a local singlet formation. The pairing correlations as functions of distance, P α (r), given by
with α = s or d are shown in Fig. 2 . Here, the distance is defined as |r| = |r x | + |r y |. In agreement with the behavior of S d , P d (r) grows with decreasing temperature. Figure 2 (a) shows that P d (r) with r > 2 will reach values of 0.01 or larger as T → 0, indicating that the longrange pairing correlation exists at T = 0. In contrast, the s-wave pairing correlation becomes very small (or even negative in some parameters) for long distances (r > 3). This means that the enhancement of S s in Fig. 1 comes only from the short-range pairing correlation and that S s does not diverge as T → 0. These results are consistent with the ground state studies. Although the result of P α (r) shows an enhancement of the long-range d-wave pairing correlation, the extrapolation of P α (r) can be done only at relatively high temperatures (T /t > 1) for large r values, where the hightemperature series is rather short. For example, the series of P α (r) at r = 5 starts from the order of β 8 . Thus, an alternative method is desired to clarify the growth of long-range correlation at low temperatures more accurately. For this purpose, we calculate the correlation length of pairing correlations as follows. Let us consider the Fourier transform of P α (i, j),
When the correlation of ∆ α develops, P α (q) shows a peak at q = 0. Then, the correlation length of ∆ α is defined from the width of its peak as
with d being a dimension. We find that the hightemperature series of this quantity converges much better than P α (r). and does not grow at low temperatures, which also agrees with the behavior of P s (r).
Although the enhancement of ξ d is promising for superconducting long-range order at T = 0, we must be careful with our conclusion since the pairing correlation contains single-particle contributions. For example, the correlation length of d-wave pairing symmetry in the free-electron system, ξ enhancement over a wide region. However, in the lowdensity region, ξ d and ξ d are very similar since the effects of J and the Gutzwiller projection, which makes a difference between ξ d and ξ d , are small. We can see that ξ d grows faster than ξ d in the range 0.5 < n < 0.9. Thus, superconductivity is expected in this region. This doping dependence is consistent with that observed in previous ground state studies.
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Here, we describe the J dependence of pairing correlations. It is found that the behavior of ξ d for J = 0 ∼ 1 does not change qualitatively. Even at J = 0, ξ d grows with lowering temperatures, though it does not show rapid growth at T > 0.1 ∼ 0.2t. With increasing J, the growth of ξ d starts at higher temperatures. It is roughly scaled by J/2 at n = 0.8.
To summarize, we have studied the equal-time pairing correlation function of the two-dimensional t-J model on a square lattice. It is found that the pairing correlation grows with decreasing temperature. A prominent enhancement of correlation length is detected in a wide region, which occurs at T < 0.2t. This growth of the pairing correlation length indicates the superconducting ground state in the t-J model. This is in sharp contrast to the Hubbard model in a weak or intermediate coupling region. Although the pairing susceptibility in the Hubbard model shows an effective attractive interaction in the d-wave channel, 26 pairing correlations are shortranged and do not show scaling with lattice size. 3, 4 
